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Abstract: Motivated by the critical dissipative quasi-geostrophic equation, we prove 
that drift-diffusion equations with L 2 initial data and minimal assumptions on the drift 
are locally Holder continuous. As an application we show that solutions of the quasi- 
geostrophic equation with initial L 2 data and critical diffusion (—A) 1 / 2 , are locally 
smooth for any space dimension. 

1 Introduction 

Non linear evolution equations with fractional diffusion arise in many contexts: 
In the quasi-geostrophic flow model (Constantin [3]), in boundary control prob- 
lems (Duvaut-Lions 8 ), in surface flame propagation and in financial mathe- 
matics. In this paper, motivated by the quasi-geostrophic model, we study the 
equation: 

d t + v-V9 = -A6, xeR N , 
divv = 0, 

where A0 = (-A) 1/2 6>. The main two theorems are roughly the following a 
priori estimates: 

Theorem 1 (From L 2 to L°°). Let6(t,x) be a function in L°° (0,T; L 2 (R N ))n 
L 2 (0,T;H 1 / 2 (R N )). For every A > we define: 

6 x = (e-X) + . 

If 8 (and ~9) satisfies for every A > the level set energy inequalities: 



9 2 x (t 2 ,x)dx + 2 [ * [ \A 1/2 d x \ 2 dxdt 
< / 6\{t 1 ,x)dx, < ti < t 2 , 

JR N 
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then: 

sup \e(T,x)\<C*M§£. 

Remark: That solutions to equation (JTJ are expected to satisfy the energy 
inequality follows from writing A as the normal derivative of the harmonic ex- 
tension of 9 to the upper half space. Existence theory is sketching in appendix 
C. In the case of Quasi-geostrophic equation it can also be seen as a corollary 
of Cordoba and Cordoba |HJ. 

Those energy inequalities are reminiscent of the notion of entropic solutions 
for scalar conservation laws. Consider a weak solution of (JIJ lying in L 2 (i/ 1 / 2 ) 
and for which we can define the equality (in the sense of distribution for exam- 
pie): 

cf)'(6)v ■ V0 = dW(vcf)(0)), 

for any Lipschitz function (f>. Then 9 verifies the level set energy inequalities. 
In the case of the Quasi-geostrophic equation, v € L 2 (i? 1 / 2 ) and we can give a 
sense to: 

v ■ V (f)(9). 

Indeed, using the harmonic extension, it can be shown that if 9 lies in L 2 (H X / 2 ) 
so does (f)(9). and so V(f>(9) lies in L 2 (H-^ 2 ). 

For the second theorem, (from L°° to C a ), we need better control of v: 

Theorem 2 (From L°° to C a ). We define Q r = [-r, 0] x [-r,r] N , for r > 0. 
Assume now that 9(t, x) is bounded in [—1, 0]xR w and v \q 1 £ L°°(—l, 0; BMO). 
then 9 is C a in Qi/2- 

Remarkl: The global bound of 9 is not really necessary, only local L°° and 
integrability at infinity against the Poisson kernel, as we will see later. 

Remark2: Note that both theorems depend only on the resulting energy in- 
equality and not on the special form of A. 

From these two theorems, the regularity of solutions to the quasi-geostrophic 
equation follows. 

Theorem 3 Let 9 be a solution to an equation 

d t 9 + u ■ V9 = -A9, xeR N , 

(2) 

divu = 0, 

with 

u i = Rj[0], (3) 

Rj a singular integral operator. Assume also that 9 verifies the level set energy 
inequalities stated in Theorem^ Then, for every to > there exists a such that 
9 is bounded in C a ([t 0l oo[xR N ). 
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Indeed, Theoremn]gives that 9 is uniformly bounded on [to, oo[ for every to > 0. 
Singular integral operators are bounded from L°° to BMO. This gives that 
u e L°°(to, oo; BMO(R N )) and, after proper scaling, Theorem|21gives the result 
of Theorem [3J 

Remark 1: Higher regularity then follows from standard potential theory, by 
noticing that the fundamental solution of the operator: 

d t + AO = 

is the Poisson kernel and that in the non linear term we can substract a constant 
both 9o from 9 and uo from u, this last one by a change of coordinates: 

x* = x — tuo, 

doubling its Holder decay (see appendix). 

Strictly speaking, the dissipative quasi-geostrophic flow model in the critical 
case corresponds to the case N = 2 and 

u 2 = Ri9, 

where Ri is the usual Riesz transform defined from the Fourier transform: Ri9 — 
This model was introduced by some authors as a toy model to investigate 
the global regularity of solutions to 3D fluid mechanics (see for instance [3]). 
When replacing the diffusion term —A by —A' 3 , < (3 < 2, the situation is 
classically decomposed into 3 cases: The subcritical case for (3 > 1, the critical 
case for (3 = I and the supercritical case for (3 < 1. 

Weak solutions has been constructed by Resnick in JT]. Constantin and 
Wu showed in jS] that in the subcritical case any solution with smooth initial 
value is smooth for all time. Constantin Cordoba and Wu showed in ^ that the 
regularity is conserved for all time in the critical case provided that the initial 
value is small in L°° . In both the critical case and supercritical cases, Chae 
and Lee considered in [2] the well-posedness of solutions with initial conditions 
small in Besov spaces (see also Wu [T5]1. 

Notice that our case corresponds to the critical case and global regularity in 
C 1 '^ , (3 < I is showed for any initial value in the energy space without hypothesis 
of smallness. This ensures that the solutions are classical. 

Let us also cite a result of maximum principle due to Cordoba and Cordoba 
IB], results of behavior in large time due to Schonbeck and Schonbeck J^jj jl2j . 
and a criteria for blow-up in Chae pp. 

Remark 2: In a recently posted preprint in arXiv, Kiselev, Nazarov, and 
Volberg present a very elegant proof of the fact that in 2D, solutions with 
periodic C°° data for the quasi-geostrophic equation remain C°° for all time 
(0)- 

We conclude our introduction by pointing out that our techniques also can be 
seen as a parabolic De Giorgi Nash Moser method to treat " boundary parabolic 
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problems" of the type: 

div(aV6>) =0, in Q x [0, T] 
[f(6)] t = e v on dflx[0,T], 

that arise in boundary control (see Duvaut Lions 8 ). Note also that similar 
results to Theorem ^ can be obtained even for systems (See Vasseur ^3] an d 
Mellet, Vasseur f° r applications of the method in fluid mechanics). 



2 L°° bounds 

This section is devoted to the proof of Theorem We use the level set energy 
inequality for: 

A = Cfe = Af (1 - 2- fc ), 

where M will be chosen later. This leads to the following energy inequality for 
the level set function 9k = (9 — Ck)+- 

d t [ 9 k 2 dx + 2 [ \A 1/2 6 k \ 2 dx < 0. (4) 
Jr n Jr n 

Let us fix a to > 0, we want to show that 8 is bounded for t > t - We introduce 
Tk = t a (l — 2~ fc ), and the level set of energy/dissipation of energy: 

U k = sup ( / 9 k 2 dx] +2 [ [ \A 1/2 9 k \ 2 dxdt. 

t>T k \JRN / J Tk JR« 

integrating Q in time between s, Tk~i < s < Tk, and t > Tk and between s 
and +oo we find: 

u k < 2 / e k 2 (s)dx. 



Taking the mean value in s on \Tk-\,Tk] we find: 



2 k+i 



1 poo 



U k < —— / / 6k* dxdt. (5) 

We want to control the right-hand side by U^-i in a non linear way. Sobolev 
and Holder inequalities give: 

Uk-l > C1|flfc-l|| 2 2(JV+1) 

L- S T^(]T t _ 1 ,oo[xM^) 



Note that if 6 k > then 8 k -i > 2~ k M. So 



l{e fc >o} < \ 



2k 
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Hence: 



U k <—— / 9l-il{$ h >o} dx dt 
r o Jth Jr n 

< 2 — / / 9, N , dxdt 

JV + 2 , 

- ■ 

For M such that M/t^ /2 is big enough (depending on Uq) we have U k which 
converges to 0. This gives 9 < M for t > to. The same proof on —9 gives the 
same bound for|0|. Note that Uo < ||^o||f,2 - The scaling invariance 9 e (s,y) — 
9{es 1 ey) gives the final dependence with respect to ||0o||l 2 - □ 

This theorem leads to the following corollary. 

Corollary 4 There exists a constant C* > such that any solution 6 of ^ 
|3JJ verifies: 

sup \6(T,x)\ < C — " 

\U,(T Ml <- r * J|M^!g!) 
i -JIlBMOfR") S O ^vT^ ■ 

Proof. First note that the property on u follows directly from the property on 
9 and the imbedding of the Riesz function from L°° to BMO. We make use of 
the following result of Cordoba and Cordoba (see [B]): for any convex function 
<p we have the pointwise inequality: 

-<f>'(0)A9 < -A(<f>(6)). 

Making use of this inequality with: 

4>k(9) = {9-C k )+ = 9 k 

leads to: 

d t 9 k +u-V9 k < -A0 k . 

Multiplying by 9 k and integrating in x gives Q , using that u is divergence free. 
□ 

Remark: We point out that the level set energy inequalities we assume in 
Theorem H is heuristically a general fact (See appendix C). 

3 Local energy inequality: 

To get the C a regularity we need to get an energy inequality which is local in 
time and space. Due to the non locality of the diffusion operator this cannot 
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be obtained directly. It relies on the following classical representation of the 
operator A. We introduce first the harmonic extension L defined from C Q yo (M. N ) 
to C$°(R N x R+) by: 

-AL(9) =0 in R N x (0,oo), 
L(9)(x,0) = 9{x) for x e R w . 

Then the following result holds true: consider 9 defined on M. N . then: 

M(x)=dv[L0\(x), (6) 

where we denote d v [L9] the normal derivative of L9 on the boundary {(x, 0)\x S 
R N }. 

In the following, we will denote: 

9*(t,x,z)=L(9(t,-))(x,z). (7) 

We denote B r = [-r,r] N , B* = B r x (0,r) e l w x (0,oo), and [y] + = 
sup(0,y). 

The rest of this section is devoted to the proof of the following proposition: 

Proposition 5 Let ty,t<2, be such that t\ < t 2 and let 9 E L°°(ti, t 2 ; L 2 (M. N )) 
with A 1 / 2 8 £ L 2 ((ti,t2) x M. N ), be solution to £JJ) with a velocity v satisfying: 



w IU°°(ti,t 2 ;BMO(R N )) + SU P 
ti<t<t 2 



v(t, x) dx 

B 2 



< C (8) 



Then there exists a constant $ ( depending only on C ) such that for every t\ < 
t < tz and cut-off function 7/ compactly supported in B\: 

[ |V(r/[6»*]+)| 2 dxdzdt+ [ (rj[9} + ) 2 (t 2 ,x)dx 
ti Jb* Jb 2 

<f (n[0\+)*(.h,x)dx + $ [* [ ([Vr,][9]+) 2 dxdt (9) 

J B 2 J i\ J B 2 

t_ 

{[X7 v ][9*} + ) 2 dxdzdt. 

B* 



Proof. We have for every t\ < t < t 2 : 




f f n 2 [9*] + A9* dxdz 
Jo Jm n 

W{n[9*} + )\ 2 dxdz+ f f \\Jn\ 2 [9*] 2 + dxdz 
Jo Js. N 

[ n 2 [9}+A9dx. 



JR N 



G 



Using equation QJ, we find that: 

rf[9)+K9dx 



Ot \J-oN I / ./»« Z 



This leads to: 



< 



o Jv 

v 2 



[6}i(t 



\7( v [9*] + )\ 2 dxdz ds 

*2 POO 



3 [0ft(fe) 



— dx+['[ [ \Vr]\ 2 [9*} 2 + dxdzds 



[ [ jjWt] ■ v{6}\ dxds 
Ju Jr n 



To dominate the last term, we first use the Trace theorem and Sobolev imbed- 
ding to find: 

IM+H'-W, <C \\vO + \\ 2 Hl/2{RN) ^C fjr,9* + )A( V e* + )dx 



C / \VL{r]{9*) + )\ 2 dxdz 



C 



[ \\7[ v (9*) + }\ 2 dxdz. 

JBX 



In the last inequality we have used the fact that L(r)(9*)+) is harmonic and 
have the same trace than r/(9*)+ at z = 0. Therefore we split: 

2 W+ 

Vry -v——dxds 



< e 



l^+ll ^A. 



ds 



\\Vrj\v[0\+\\* -ul. ds. 
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The first term is absorbed by the left. The second can be bounded, using Holder 
inequality, by: 



1, 



|[V7 7 p]+| 2 £fed S , 



which gives the desired result. □ 



4 From Lr to L°°: 

In these two sections (@] and |SJ) we follow De Giorgi's ideas in his "oscilla- 
tion lemma" (see [7]) to prove Holder continuity: Suppose that 9 oscillates in 
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Qi = [— 1, 0] x B\ between —2 and 2, but it is negative most of the time. In par- 
ticular, if ||0+||£2 is very small, then we prove that #+|q 1/2= [-i/2.o]x_b 1/2 — 2 — A, 
effectively reducing the oscillations of 8 by A (see section 0J. Of course, we do 
not know a priori that this is the case. But we do know that in Q±, 8 is at 
least half of the time positive, or negative, say negative. Then we reproduce a 
version of De Giorgi's isoperimetric inequality that says that to go from zero 
to one 8 needs "some room" (section [SJl . Therefore the set {8 < 1} is "strictly 
larger" than the set {8 < 0}. Repeating this argument at truncation levels 
<7fc = 2 — 2~ fc , we fall, after a finite number of steps, ko, into the first case, effec- 
tively diminishing the oscillations of 8 by \2~ k< > . This implies Holder continuity 
(section Eland section 0). 

This section is devoted to the proof of the following technical lemma. It says 
that, under suitable conditions on v, we can control the L°° norm of 8 from the 
L 2 norm of both 8 and 8* locally. 

Lemma 6 There exists Eq > and A > such that for every 8 solution to 0j 
with a velocity v satisfying: 



\\ v \\l°°(-4:,Q-BMO(R n )) 



sup 

-4<t<0 



v(t, x) dx 



the following property holds true. 
If we have: 

8* < 2 in [-4,0] x 5*, 

and 



[ [ (8*)\dxdzds+ [ [ {8)\dxds<e 

J -A JB* J -4 JBa 



the 



{8)+ < 2- A on [-1,0] x B x . 

Proof. We split the proof of the lemma into several steps. 

Stepl. Useful barrier functions and setting of the constant A: Consider 
the function b±, defined by: 

Ah = in B% 

b\ = 2 on the sides of the cube B\ except for z = 
bi = for z = Q. 

Then there exists A > such that: 

h(x,z) < 2-4A on B* 2 . 

This result follows directly from the maximum principle. We consider now 62 
harmonic function defined by: 

A6 2 = in [0,oo[x[0,l], 

& 2 (0,z) = 2 < z < 1, 

b 2 (a;,0) = b 2 (x, 1) = < x < 00. 
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t-k-2 



Then there exists C > such that: 

\b 2 (x,z)\ < Ce-™. (10) 

Notice that C is universal. Actually 62 can be explicitly computed by the 
method of separation of variables: 

00 . 

b 2 (x, z) = J2 l0 — e-^+W* sin((2p + l)nz). 
^(2p+l) 

Step 2. Setting of constants: In this step we fix a set of constants. We 
make the choice to set them right away to convince the reader that there is no 
loop in the proof. 

Lemma 7 There exist < S < 1 and M > 1 such that for every k > 0: 

NCe^^ < \2- k - 2 , 
M~ k 

-su+rwnmL* <A2- 

M~ k > c k M~ il+1/N){k - 3) k > 12N, 

where C is defined from step 1, P(l) is the the value at z = 1 of the Poisson 
kernel P{z)(x), and Co is defined by M6\) . 

The proof is easy. We construct first 5 to verify the first inequality in the 
following way. If S < 1/4, the inequality is true for k > k due to the exponential 
decay. If necessary, we then choose 5 smaller to make the inequality also valid 
for k < k . Now that 5 has been fixed, we have to choose M large to satisfy the 
remaining inequalities. Note that the second inequality is equivalent to: 

_2_\ fe XS 
SMJ -4||P(1)|| L2 " 

It is so sufficient to take: 

(1 8||P(1)|| L 2 

The third inequality is equivalent to: 

M \ k / N 

For this case it is sufficient to take M > sup(l,C l Q Ar ). Indeed, this ensures 
M 2 jCl N > M and so: 

k/N 



(Mr) ^ Mk,(2N) ^ A/6 ' 
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for k > 12N. But M 6 > M 3 ( 1 + 1 / N ) for M > 1 and N > 2. 
Therefore we can fix: 



M = sup 



27V 2 8||P(1)|| £ 2 
' A<52 



The constant A, (5, and M are now fixed for the rest of the proof. The 
constant Eq will be constructed from those ones. 

Step 3. Induction: We set: 

dk = (0 — Ck) + , 

with Cfc = 2 — A(l + 2~ fe ). We consider a cut-off function in x only such that: 

1 {B 1+2 - k - 1 } < Vk < l{s 1+2 _ fc }, 
|Vr? fc | < C2 k , 

and we denote: 

I \^(VkO* k )\ 2 dxdzdt+ sup 

We want to prove simultaneously that for every k > 0: 

A k < M- k (11) 
rj k 6* k is supported in < z < S k . (12) 



A k = 2 [ [ [ \V(r] k 9* k )\ 2 dxdzdt+ sup / 

J-l-2- k JQ JR N [-l-2- fe ,ll JW 



(rikdk) 2 dxdt. 



Step 4. Initial step: We prove in this step that JUJ, is verified for < k < 
12N, and that (|12|l is verified for k — 0. We use the energy inequality © with 
cut-off function rj k {x)^{z) where ij) is a fixed cut-off function in z only. Taking 
the mean value of (J5J) in t\ between —4 and —2, we find that (|11|) is verified for 
< k < 12N if 6q is taken such that: 

C2 24Ar (l + $)e < Ar 12N . (13) 

We have used that |V?7fe| 2 < C2 24N for < k < 12N. Let us consider now the 
support property p2|l . By the maximum principle, we have: 

0* < (9 + l B J*P{z) + b 1 (x,z), 

in K + x B%, where P(z) is the Poisson kernel. Indeed, the right-hand side 
function is harmonic, positive and the trace on the boundary is bigger that the 
one of 9*. 

From step 1 we have: bi(x, z) < 2 — 4A. Moreover: 

||0 + 1 B4 * P{z)\\l- {z >d < C\\P(l)\\ Lay /£t < C^T . 
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Choosing £o small enough such that this constant is smaller that 2A gives: 
6*<2-2\ for z > l,t > Q,x G B, 

so: 

9* = (9* - (2 - 2A))+ < for z > 1, t > 0, x € B. 
Hence ?]o9q is supported in < z < 6° = 1. 

Step 5. Propagation of the support property (|12[): Assume that Ijllll 
and l|12l) are verified at k. We want to show that H12|) is verified at (k + 1). We 
will show also that the following is verified at k: 

m0* k+1 < {M) * p(z)} Vk . (w) 

We consider the set B* k = S 1+2 -k x [0, S k ], and we want to control 91 on this 
set by harmonic functions taking into account the contributions of the sides one 
by one. On z — S k we have no contribution thanks to the induction property 
1)12(1 at k (the trace is equal to 0). The contribution of the side z = can be 
controlled by: rjk9k * P{z) (It has the same trace than 6k on B 1+2 -k-i). 
On each of the other side we control the contribution by: 

b 2 {{x l - x+)/S k , z/5 k ) + b 2 ((- Xi + x-)/8 k , z/5 k ), 

where x + = (1 + 2~ fe ) and x~ = —x + . Indeed, &2 is harmonic, and on the side 
xf and x~ it is bigger than 2. Finally, by the maximum principle: 

N 

0* k <Y, - x+)/5 k ,z/6 k ) + b 2 ((- Xl + x~)/S k , z/5 k )] + ( Vk 9 k ) * P(z). 

i=l 

From Step 1, for x £ -B 1+2 - fc; 

N 

[b2((xi - x + )/5 k ,z/5 k ) + b 2 ({~ Xl + x-)/5 k ,z/5 k )] 

i=l 

< \2- k - 2 , 

(thanks to Step 2). This gives l|14|) since: 

9* k+1 <{9l-\2- k - l ) + . 

More precisely, this gives: 

9* k+1 < (( Vk 9 k )*P(z)-\2- k - 2 ) + . 

So: 

< ((Vk6 k ) * P(z) - A2- fc - 2 )+. 
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-fc-2 



From the second property of Step 2, we find for z = S k+1 : 

\(r) k 6 k ) * P(z)\ < A k \\P(z)\\ L 2 

< < A2 

The last inequality makes use of Step 2. Therefore: 

Vk+iOl +1 < on z = S k+1 . 

Note, in particular, that with step 4 this gives that (|12f> is verified up to k — 
UN + 1 and (JT1) up to k = UN. 

Step 6. Propagation of Property We show in this step that if (|12fl is 

true for k — 3 and (|ll|l is true for k — 3, k — 2 and k — 1 then (jl 1|> is true for fe. 

First notice that from Step 5, (|12(l is true at k — 2, A; — 1, and k. We just 
need to show that: 

A k < C k (A k ^) 1+1 ' N for k > UN + 1, (15) 

with: 

ol+2/Af 

C ^ C ^JJT- (16) 
Indeed, the third inequality of Step 2 gives the result. 

Step 7. Proof of (|15[): Since 776*+ has the same trace at z = that {rjO + )* 
and the latter is harmonic we have: 

|v(^;)| 2 > J |vM + n 2 = J \A 1 / 2 ( v e+)\\ 

Sobolev and Holder inequalities give: 

l ' n ([-i-2- fc - 3 : o]> 



A k -3 > C|| ?7 fc _3^ fc _3 II 2 2 (\ ; 



From JT3J: 



\\r, k -3e* k _ 2 \\ 2 vn+v < \\P(l)\\j A \\Vk-3e k - 3 \\\ ( N +1) 

L 7} L n 



So: 



A k -3 > C\\r] k _ 3 9l_ 2 \\ 2 2 (w+i) + C||7?fc-3^fc-3|| 2 2(w+i) 

L N L N 



> C Ikfc-l^fe-lll 2(W + 1) + H^fc-lfi'fe-lll 2(JV + 1) 

\ L — T> L — — 

Taking the mean value of © in t\ between —1 — 2~ fc ~ 1 and —1 — 2~ fc , we find: 
A k < C2 k (* + 2) (J ri^O, 2 + J 



*2 
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Note that we have used here (I12[) since 77^— 1 is a cut-off function in x only. If 
6 k > then 6 k -i > 2- k X. So: 

C2 k 



Therefore: 



This gives (H2J|. □ 



l{e fc >o} < -T-^k-i. 



5 The second technical lemma. 

We set Q r = B r x [-r, 0] and Q* r = B* r x [-r, 0] 

Lemma 8 For every e\ > 0, t/iere exists a constant 5\ > ii/ii/i £/ie following 
property: 

For every solution 9 to 0J) wii/i v verifying |3J) and: 



0* < 2 in Ql, 
\{(x,z,t)eQl; 9*(x,z,t)<0}\ > 

we have the following implication: 



2 ' 



implies: 



{x,z,t) G Ql; < {9*(x,z,t) < 1}| < S 1 



[ (9 - 1)1 dxdt+ I (6* -lf + dxdxdt<Cyfei. 

Jqi Jqi 



Proof. Take E\ -C 1. From the energy inequality @, we get: 



\V91\ 2 dxdzdt < C. 



iJBT 



Let: 



Then: 



K = 



4j\V9* + \ 2 dxdzdt 



£1 



{t\ [ \V9* + \ 2 (t)dxdz > K} 



< 



£1 



(17) 



For all t e {t\ J B , \V9+\ 2 (t) dxdz < K}, the De Giorgi lemma (see appendix) 
gives that: 

i^)iiz^)mcwr /2 ^ l/2 , 
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where: 

A(t) = {(x,z) G B{ | 6*(t,x,z) < 0} 
B{t) = {(x, z)65* | 0* (i, x, z) > 1} 
C(t) = {(x,z) G Bl | < < 1}. 

Let us set 

J = {f g [-4,0]; |C(t)| 1/2 <e\ and / \V 8* + \ 2 (t) dx dz < K} . 

Jb* 

First we have, using Tchebichev inequality: 

{te[-4,o] ; |C(i)| 1/2 > £ ?} 

I O<0* < 1}| 



< 



r 6 



<e\< ei/4. 



Hence |[-4,0]\J| < £i/2. Secondly we get for every t G J such that |.A(t)| > 1/4: 



In particular: 



9* + 2 (t)dxdz < 4{\B(t)\ + \C(t)\) 
< 8e 2 . 



And so: 



J d\{t)dx < Vk^J J 9* + 2 {t)dxdz < CVeT- 

We want to show that \A(t)\ > 1/4 for every t G In [—1,0]. First, since 
\{(t,x,z) | 9* < 0}| > IQH/2, there exists t < -1 such that \A(t )\ > 1/4. So 
for this to, J 9 2 _(to)dx < C^fe{. Using the energy inequality ©, we have for 
every t > to: 

r 2 + {t)dx< [ 9 2 + (t Q )dx + C(t-t ). 



So for t - to < S* = 1/(64(7) we have: 

l(t)dx < —. 
+ W - 64 
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(Note that 8* do not depend on £\. Hence we can suppose E\ <C 8*.) We have: 

0+0) < 0++ I d z 9* + dz 
Jo 



J '\d z 0+\ 2 dz 



1/2 



So, for t — to < 8* , t £ I and z < el we have: 

1/2 



e\{t,x,z)<6 + {t,x)+\el J \d z 0* + \ dz 

The integral in x of the right hand side term is less than 1/8 + */ei < 1/4. So 
by Tchebichev: 

\{z<el x£B 1 , ^(*)>1}|<^. 
Since \C(t)\ < ef, this gives 

\A(t)\ >sj(l- 1/4) -e\>el/2. 

Then (JTHJ gives: 



and: 

\A(t)\ > 1-2^1-el > 1/4. 

Hence, for every t G [i 0) k +6*]<~M we have: |.A(t)| > 1/4. On [t + 8* /2, t <5*] 
there exists t\ £ I {8* > £i/4). And so, we can construct an increasing sequence 
> i„ > t + n5*/2 such that |.A(i)| > 1/4 on [t n ,t n + S*]r\I D [t n ,t n+1 ]nl. 
Finally on In [-1,0] we have \A(t)\ > 1/4. This gives from {TU that for every 
telfl [-1, 0]: \B{t)\ < ei/W. Hence: 

\{0* > 1}| <ei/16 + ei/2<ei. 

Since (0* — 1) + < 1, this gives that: 

/ (6>* - l)\dxdzdt < ei. 
JQl 

We have for every i, a; fixed: 

0-0*(z) = f d z 9*dz. 
Jo 

So: 

(0-1)1 < 2^(0*(z) -1)1+ (J* \V0*\dz^ 

< — / (6* - lf + dz + 2^iT / |W*| 2 dz. 
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Therefore: 
□ 



/ (6- 1)1 dxds < Cyel. 
jQi 



6 Oscillation lemma 

This section is dedicated to the proof of the following proposition: 

Proposition 9 There exits A* > such that for every solution 6 of Q) with v 
verifying 0), if: 

9* < 2 in Q* 

\{(t,x,z) eQl; 6* <0}|>i 

then: 

6* < 2 - A* in Q* /w . 

Proof. For every fc S N, fc < X + = _E(l/(5i + 1) (where 5± is defined in Lemma 
[S] for ei such that 4Cy / £i < £o, £o defined in LemmaEJ, we define: 

9 k = 2(9 k -i - 1) with 9 Q = 9. 

So we have: 9 k = 2 fc (6»-2) + 2. Note that for every k, 9 k verifies 6k < 2 and 
|{(i,a;,z) e Q! | 9 k < 0}| > §. Assume that for all those fe, |{0 < Q* k < 1}\ > 5i. 
Then, for every k: 

\{T k < o}| = |{Ci < ill > \{K-i < o}| + «i. 

Hence: 

\{0* K+ < 0}| > 1, 

and 0* K+ < almost everywhere, which means: 2 K + (9* — 2) + 2 < or 

0* < 2-2~ A "+. 

And in this case we are done. 

Else, there exists < k < K + such that: |{0 < l? ko < 1}| < 6%. From 
Lemma QO and Lemma (applied on 9 ko +i) we get (9 k(j +i)+ < 2 — A which 
means: 

9 < 2 - 2~ (feo+1) A < 2 - 2~ A +A, 

in Qi/s- 

Consider the function 63 defined by: 
A6 3 =0 in B* /8 , 

63 = 2 on the sides of the cube except for z = 
fe 3 = 2 - 2~ A '+ inf (A, 1) on z = 0. 

We have 6 3 < 2 — A* in B^ 16 - And from the maximum principle we get 9* < 6 3 . 
□ 
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7 Proof of Theorem |2l 

We fix to > and consider t £ [iojOofxR^. We define: 

F (s, y) = 9{t + s< /4, x + t /A{y - x (s))), 
where Xq(s) is solution to: 

*°( s ) = T75~7 / v(t + st /^x + yt /4)dy 

I-04I Jx (s)+S 4 

x Q (0) = 0. 

Note that xq(s) is uniquely defined from Cauchy Lipschitz theorem. We set: 

su Pq; f o + inf Q 4 



^ (s,2/) = ^ F~* inf^ F* ( F ° 9 

«o(s, = w(t + si /4, a: + i / 4 (2/ - x (s))) - ±o(s), 
and then for every k > 0: 

F k (s,y) = F k -x(fls,fl(y- x k (s))), 

M s ) = 7777 / v k -i(fls,ily)dy 

1-041 Jx fe ( s )+S 4 
!Cfc(0) = 

Vk{s,y) = Vk-i{p,s, fi(y - Xk{s))) - x k (s), 
where /2 will be chosen later. We divide the proof in several steps. 

Step 1. For k=0, 6>o is solution to J5J in [-4,0] x R N , \\vq\\bmo = \\v\\bmo, 
J vo(s) dy = for every s and 1 6*o | < 2. Assume that it is true at k — 1. Then: 

d a F k = fid a 9 k -i0 - frx k (s) ■ V0 fc -i. 

So 6*fc is solution of (J2J and |0fc| < 2. By construction, for every s we have 
f BA Vk(s, y)dy = and ||«a,||bmo = ||«fc-i||.BAro = ||w||bmo- Moreover we have: 



|£fc(s)| < / v k _ 1 (fl(y ~ x k (s))) dy 

< C\\v k -i(fiy)\\LP 

< CfL- N,P II Wfc-l II LP 

Ufe-l||sMO- 

So, for < s < 1, y € £4 and p> N: 

\Ky - x k (s))\ < 4^2(1 + c p pr N '*) < c^- n /p. 
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For jl small enough this is smaller than 1. 

Step 2. For every k we can use the oscillation lemma. If \{9 k < 0}| > \\Q%\ 
then we have 6% < 2 - A*. Else we have \{-9* k < 0}| > 5IQ4I and applying the 
oscillation lemma on —9 k gives 9 k > — 2 + A*. In both cases this gives: 

\sup9* k -M9* k \ <2-A*. 



and so: 



I sup F fe * - inf F* k I < (1 - \*/2) k I sup F * - inf F * | . 



Step 3. For s < jl 2n : 



" " ~n—k ~n 



fc=0 



^ a-iv/p - 2 ' 

fe=0 p 



for jl small enough. So 



sup 6* - inf 6»* 

[-A 2 ",0]xBI„ /2 [-A 2 ",0]xBI„ /2 



< (1-A72)". 

This gives that 6* is C a at (t, x, 0), and so 9 is C a at (t, x). □ 



A Proof of the De Giorgi isoperimetric lemma. 

Let u E ^([-1, 1} N+1 ). We denote: 

A = {x; Lo(x) < 0)} 
B = {x; Lo(x) > 1)} 
C = {x; < w(z) < 1)}, 



and 



X l{j/l+s(t/l-J/2)/|3/l-!/2|eC}- 
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We have: 



□ 



< / / {uj{y 1 )-uj{y 2 ))d yi dy 2 
Jajb 

-\yi-V2\ 



A JB JO 



1 2/1 -02 I 



A -IB JO 

s / / A 

J A JB JO 



/ , 2/i ~ 2/2 x 2/i - 2/2 , , , 
Vw(yi + s- -) ■ dsdyx dy 2 

\Vi-V2\ I2/1-2/2I 

„ , , 2/1 - 2/2 s 2/1 ~ 2/2 , , , 
X Vw(j/i + S: r) • — — ds dyi dy 2 



Vw(yi + s 



I2/1-2/2I I2/1-2/2I 
2/1 - 2/2 



< / / / X 

' Bi J Bi Jo 



< 



2/1 - 2/2 1 

Vw(j/i + s-| 

I2/1 - 2/2 

|Vw(»i+si/)l 



ds dyi dy 2 
ds dyi dy 2 



1 {(yi+si^)ec}S N 1 dvdsdy 1 



r.N-1 



S N -i JB! JO 

, r ,f f N^l . , , 

- / / l„ ijv-i 1 {vi+V2€C}dy 2 dy 1 

JB 1 JB 1 12/2 1 

^qiv^n^ici 1 / 2 . 



B Higher regularity 

We give the proof of the following theorem. 

Theorem 10 Let 8 be a solution of the quasi-geostrophic equation sat- 
isfying the regularity properties of Theorem^; 

8 e L^^ooi^nL^O.oojF 1 / 2 ) 

nL°°([t , oo[xR N ) n C a ([t Q , oo[xM w ), 

for every to > 0. Then 9 belongs to C 1 '^([to,oo[xR N ) for every < 1 and 
to > and is therefore a classical solution. 

Proof: We want to show the regularity at a fixed point yo = (to,Xo) € 
]0,oo[xK ff C K m where m = N + 1. Note that Changing 9{t,x) by 6{t,x - 
u(to, %o)t) — 9(to, xq) if necessary, we can assume without loss of generality that 
0(yo) = and u(yo) = 0. The fundamental solution of: 



fyO + A9 = 



is the Poisson kernel: 



P(t,x) 



Ct 

(\x 2 \ + t 2 Y 
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a homogeneous function of order — N if extended for t negative, the solution 9 
of J3J) can be represented as the sum of two terms. 



9(t,x)=P(t,-)*9 -g(t,x), (19) 



where: 



g{t,x) = P(t — ti, x — £i)div(ii(ti, xi)0(tx, xi)) dt\ dx\ 

Jo Jm N 

oo n 

\ '^xP{y-yi)-u{y 1 )6{y 1 )dy 1 . 
o Jr n 

In the last inequality, we denoted y — (t,x), P the extension of P for negative 
t with value 0, and we passed the divergence on P, which becomes a singular 
integral. The first term in 1|19[) is smooth for t > and depends only on the 
initial data. We focus on the second one g(y). We fix e € S m , and estimate 
g(yo + he) — g(yo) for h > in the standard way. We split the integral: 



.9(2/o) - g(yo + he) = / / Qo{yo - yx,he)u(y 1 )6{y 1 ) dyx (20) 
J Jr n 

where: 

Q (y, he) = V x P(y) - V x P{y + he), 

into two parts, one on the ball -B10/1 centered to y$ and radius lOh, and the 
second on the complement. The first part has no cancelation so we separate the 
integrals: 

/ 1 {t 1 >o} [V x P(2/ -Vi)- ^ x P(yo + he- yi)]u{yi)9{yi) dy x 

- 'Bioh 

1{*!>o} V x P{yo - y\)u{yi)9(yi) dy x 

l{t>o}Va;-P(yo + he - yi)u{yi)9{y 1 ) dy x . 

h 

If 9 is C a , a > 0, from the Riesz transform u is also C a , and since 9(yo) = 
u(yo) = 0, we have: 

\u(y 1 )9(y 1 )\<M(\y 1 -y \ 2a ,C). (21) 

So the first integral is convergent and bounded by Ch 2a . To deal with the 
second one, notice that V X P have mean value zero on any slice t = C of B\oh, 
so we can add and substract 9(y + he)u(y + he). We have: 

\9( yi )u( yi ) - % + he)u(y + he)\ < Ch a \y + he - Vl \ a , 

where we have used again that u(yo) = 9(yo) = 0. Hence the integral is also 
convergent and bounded by Ch 2a . This gives that the contribution of B10/1 on 
dfl) is smaller that Ch 2a . 
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Outside of a neighborhood of size 10ft. we use the cancelation of W X P. Up 
to Lipschitz regularity we just do: 

\Vx[P(Vi ~ Vo) - P(Vi + he - y )}\ 
h 



< 



\yi-yo\ m+1 '- 



and integrate against \u9\ which verifies J2U- This gives the bound: 

, ^ m+1 _ 2a rfyi<Cfe 2a , 

|vi-ito|>io/i \vi-Vo\ m+l 2a 

provided that 2a < 1. Altogether, this gives that if 9 S C a with 2a < 1, then 

\g(y )-g(yo + he)\ <ch 2a . 

Bootstrapping the argument gives that 6 is C a for any a < 1. 

To go beyond Lipschitz we consider a second order increment quotient: 

Qi(y, fee) - \V[P(y + he) + P(y - he) - 2P(y)}\. 

We have: 

g(yo + he) + g(y - he) - 2g(y Q ) = / l{ tl >o}Qi(yo ~ 2/1, he)u{yi)6{y x ) dy x . 

Jm. m 

Note that Q\{y,he) — Qo(y,he) — Qo(z/ ~ he, he), so for < 20/i, the local 
estimate of the previous argument together with the C a property of 9 and u 
gives: 

\Qi{yo-yx)u{y l )6{y x )\dy l <Ch 2a . 

For \y\ > 20h and y not in the strip Th = [to — h, to + h] x M. N , we have: 

h 2 

\Qi(yo - yx,he)\ < c- —-2- 

I yo - 2/i| ro+ 

and the corresponding integral: 

1 {yi(T h }\Qi(ya - Vi)u{y 1 )9{y 1 )\dy 1 
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|j/o-lfil>20/» 

J\y\>20h \y\ m+I 

< Ch 2a , 

whenever 2a < 2. It remains to control the contribution of the strip 7^ \ B 2 oh- 
The estimate on Q gives that on this strip: 

mvi ~ yo ' he)l ~ C \y,-yo\"+ 2 ~ °W J k^- 
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Not that onTi\ -B20/1 we have \x\ — xq\ > h. So the contribution of this strip 
is bounded by: 

/ 1 IJV+2-2a dXl dtl 

t -h J\x 1 -x \>h Fl - M + 



u2a rta+h 

< C^j- I dh 

< Ch 2a . 



tg — h 



whenever 2a < 2. That goes all the way to C 1 ' 13 for every (3 < 1. □ 

C existence of solutions to (0D) 

In this appendix we sketch the existence theory of approximate solution of the 
equation satisfying the truncated energy inequalities in the hypothesis of 
Theorem ^ We start by restricting the problem to B\ x [0,oo] and adding an 
artificial diffusion term sA. We will use the eigenfunctions a k and eigenvalues 
X k of the Laplacian in B\, that is: 

Afffe + \ 2 k a k = 0. 

Note that a k (x,z) = ak(x)e~ XkZ is the harmonic extension of Cfc for the semi- 
infinite cylinder Qi = B\ x [0, 00] with data in the lateral boundary, and: 

AfcCTfc(a;) = d„al(x,0), 

where d v is the normal derivative. Also: 

/ \u<j\dxdz= I a* k d v u* k dx = / |Va^| 2 dxdz, 

JQi JdQ! JQt 

and thus formula is also correct for any series 

9( x ) =^2fk<7k(x), 

provided that ^ f k ^k converges, i.e., g e H x / 2 (Bi). 
We want to solve then in [0,oo[xBi the equation: 

d t + div(u6>) = eAO - (-A 1 / 2 )^, (22) 

where — A 1 / 2 is understood as the operator that maps Uk to \k&k = d u a* k . 

For, say, v bounded and divergence free, this is straightforward using Galerkin 
method: Let us restrict <|22ll to cr k , with I < k < kg, i.e. we seek a function: 

k 

9 = 0e,ko = fk(t)<?k(x) 
1 
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that is a solution of the equation when tested against <Jk, 1 < k < fco. The 
functions are solutions to the following system of ODEs: 

kg 

f k (t) = -[e\l + A fc ]/ fc (t) + 2 °w /«(*). 1 < < ^o, 
with initial value: 

/fc(0) = / 6 (x)a k (x) dx, 

J Br 

where: 



aid = / x) ■ Va k (x)ai(x)dx. 

Jb 1 



Note that, since v is divergence free, the matrix au is antisymmetric. This leads 
to the estimate: 



fc „t 2 k 

E/ fc 2 (*2)+ / 5> A fe + w^) ds 

fe=l Jtl fc=l 

*;=i 

In particular 9 e ^ satisfies the energy inequality: 

ll«W*2)||i a(Bl) + / 2 (ll^,fco(*)ll^/ 2(Bl) +e|l^,fco(*)ll^ (Bl) ) da 

J 1 1 

< \\Oe,k (ti)\\h iBl y 

Notice also that what we call H x / 2 {Bi) corresponds to the extension of 9 to the 
half cylinder, and such: 

ll^llff 1 /2(B 1 ) > ll^llijl/2( R N)- 

We now pass to the limit in fco and denote 9 e the limit. If we test 9 e ,k„ with 
a function 7 G L°°(0, T; i 2 (Bi)) n L 2 (0, T; H 1 (Bi)), there is no problem in 
passing to the limit in the term: 

\ (\7-f)v9 eM dxds, 

ti J Bx 

since 9 St k converges strongly in L 2 ([0,T] x B\). In particular, for 7 = (6 £ — 
A)+ = 9 £ .x the term converges to: 



'*2 /• 
1 JBt 



'dxds = 0, 

provided that v is divergence free. This leads to the following corollaries: 
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Corollary 11 The function 9 £ satisfies the hypothesis of Lemma indepen- 
dently of e, and therefore: 

||^(T)IU-( Bl ) < ^||^(0)|| i2(Sl) . 

Corollary 12 The same theorem is true for v S L 2 ([0,T] x B\) independently 
of the L 2 norm of v. 

Proof. We approximate v by a mollification vg- □ 

Corollary 13 For 9q prescribed in L 2 (R N ), the same result is true in [0, T] x 
R N . 

Proof. We may rescale the previous theorems to the ball of radius M by 
applying them to 6(t,x) = M N / 2 0(Mt, Mx). This change preserves the L 
norm, and so we get: 

z MN/2e{s ' y) -w^> 

or 

provided that v € L 2 (Bm) is divergence free. Then letting M go to infinity 
gives the result. □ 

Final remark: Since all the estimates are independent of e we may let e go 
to zero for the limit to be weak solution of the limiting equation, and satisfying 
the truncated energy inequalities. 

Note also than the same approach can be taken for higher regularity. Indeed, 
the proof of higher regularity depends only on the truncated and localized energy 
inequality that is also satisfied by the e-problem. We may then pass to the limit 
in e and find a classical solution of the limiting problem. 
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